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E-mail address: rjpin@otenet.grDue to concern over the environmental impact of the noise and energy consumption of road transporta-
tion a line of research is developing for modelling road–tyre interaction i.e. vehicle vibration, tyre noise
and friction. Although models for tyres, radiation, friction and contact have been made there is not yet a
single surface model for all the interactions. Thus an algebraic model of a general surface is presented
here to cover the full wavelength range for road–tyre interaction. Within this range there are particles
of different orders of magnitude e.g. atoms, crystals, and stones, arranged in what are called roughness
orders representing a size distribution of the particles. Using measured road proﬁle data in the range
of about 100 m to 104 m, a single roughness order is modelled using two types of sine-wave series. A
truncated Fourier series describes the particle shapes and the envelope of particle peaks as a truncated
Weierstrass–Mandelbrot function. The modelling is not just a mathematical ﬁt but is based on the phys-
ical structure and formation processes, and includes asymmetry between the upper and lower surfaces
due to wear. By assuming that similar roughness order also exist at smaller length scales a surface
description can be assembled for the full bandwidth for all interaction mechanisms. The modelled surface
is given as a proﬁle and in three dimensions.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
In recent years there has been concern over the environmental
impact of road transportation, in terms of energy consumption,
CO2 production and noise. In Europe 24% of the CO2 production
and 28% of the energy consumption is in road transportation (Euro-
pean transport policy, 2001). Based on the European driving cycle
for passenger vehicles, about 30% of total vehicle consumption can
be attributed to road–tyre interaction (Sandberg and Ejsmont,
2002) i.e. 8% of the total European energy consumption. On the
other hand road trafﬁc is the main source of noise in Europe, and
road–tyre interaction is the dominant contributor for passenger
vehicles above 40 km/h and 70 km/h for lorries (Sandberg, 2001).
There is therefore a pressing need to reduce such noise and energy
consumption by appropriate modiﬁcation of tyre or road surface
design, but without compromising the road grip which is the pri-
mary function of the road–tyre interaction.
Such a task needs a view of all aspects of road–vehicle interac-
tion, which takes place over many orders of surface wavelength. (i)
Vehicle ride and vibration arise fromwavelengths between 100 m–
101 m (Dodds and Robson, 1973), (ii) rolling noise between 1 m–
103 m e.g. (Larsson and Kropp, 2001) while (iii) friction and stick-
slip arise from wavelengths between 103–109 m. (Grosch, 1963).
However much of the physics for noise and friction is not yet
understood, and so performance prediction by industry is mainlyll rights reserved.empirical, using statistical modelling to link behaviour of sample
road/tyre pairs with a chosen parameter set e.g. (Sandberg and Ejs-
mont, 2002). This is not very satisfactory as the parameter and
sample sets are unlikely to be complete, or consistent across all
interaction types. Furthermore the performance of new designs
for either the road surface or tyre cannot be reliably predicted from
these statistical models, as the data lie outside the original set.
However, analytical approaches have also been underway, aim-
ing to understand and model the individual physical mechanisms
and eventually to assemble an integrated model of the full interac-
tion. At present the problem is divided into the three wavelength
regimes above (i–iii.) to make it more tractable. For each regime
the interaction depends on the relative size of the surface wave-
length to the tyre, and in general will require four elements: a sur-
face model, coupled to a tyre model via a contact model and a ﬂuid
interface model. A ﬂuid interface model could be either a com-
pressible or incompressible ﬂuid to model air-pumping noise mod-
el or wet friction. The main purpose of the surface model is to
provide an input for the contact model. For noise calculation (re-
gime ii) this input is at present the numerical data array scanned
from the road surface or a reconstructed surface from a single mea-
sured proﬁle (Graham et al., 2011 ). There are now a few contact
models for tyres e.g. (Larsson, 2002; Wullens and Kropp, 2004;
Andersson and Kropp, 2008). The resulting contact forces are ap-
plied to analytical or numerical tyre models e.g. (Larsson and
Kropp, 2001; Pinnington, 2006a,b; Finnveden and Fraggstedt,
2008; Waki et al., 2009), leading to predictions for noise and
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Fig. 1. Single roughness order a. idealised proﬁle b. power spectral density S(f).
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friction models with some form of surface model are also being
developed (Klüppel and Heinrich, 2000; Persson, 2001; Pinnington,
2009), but the difﬁculty in providing data over the huge surface
bandwidth demands a greatly reduced representation of the sur-
face than a measured data set.
Apart from providing an input to the contact model, the surface
model can also have other uses if sufﬁciently descriptive. The ﬁrst
is to classify the surface in terms of the signiﬁcant parameters of
the contact mechanisms. The second is to be able to describe
changes to the surface due to wear or manufacturing processes.
The third is to generate stylised versions of existing or proposed
surfaces for numerical contact calculation. Thus the aim here is
to try to develop such a model for the full bandwidth of existing
or proposed surfaces, to provide an input for all the interaction
mechanisms.
Present surface models are of two types, which could be called
particulate and continuum (or fractal). The basic particulate sur-
faces consist of an array of identical spheres randomly displaced
from a median plane (Archard, 1957; Greenwood and Williamson,
1966). These parameters can be more conveniently determined di-
rectly from surface correlation and the power spectra (Whitehouse
and Archard, 1970). However it has been observed that particulate
properties cannot always be readily identiﬁed and surface rough-
ness can appear to be a function of the chosen measurement scale
over widely different orders of magnitude (Mandelbrot, 1977;
Sayles and Thomas, 1978; Berry and Hannay, 1978). This self-sim-
ilar or fractal structure at decreasing length scales has been found
in many applications and has led to a new ﬁeld of geometry (Man-
delbrot, 1982; Falconer, 1990). The fractal description has been
adopted with enthusiasm for applications from roads to nano-
technology, as surface roughness over a broad bandwidth can be
deﬁned simply from the standard deviation of the displacement
and the fractal dimension. e.g. (Majumdar and Tien, 1990; Klüppel
and Heinrich, 2000; Persson, 2001; Fang et al., 2003). Several
means of determining fractal dimension have been proposed, but
the easiest and most common is the use of power spectra. Unfortu-
nately this is the same means used to obtain particulate properties,
with the result that what is thought to be fractal structure may be
something else (Whitehouse, 2001). Furthermore the use of surface
power spectra for contact problems requires the assumptions of
both surface symmetry and surface saturation i.e. a complete ﬁll
of the surface detail by the rubber. These are only likely to be true
for the particular case of low frequency vehicle vibration (Dodds
and Robson, 1973), when the contact length is less than the surface
wavelength so there is effectively contact at a point.
It may be evident from the above that although the particulate
and fractal viewpoint each have a range of inﬂuence, a single model
that includes both aspects is necessary to describe surfaces for gen-
eral contact applications. Thiswas seen in a recent theory for rubber
friction, which was found to be determined by the shape and spac-
ing of particles of all length scales i.e. atoms, crystals, stones etc. and
also the envelopes of these particles (Pinnington, 2009). The surface
makes two basic transformations. First, the leading slope of the par-
ticle resolves some of the normal load into a tangential friction
force, second the particle peaks distribute the uniform loading into
a set of point forces, causing the time variations potentially leading
to noise and vibration. These effects are independent of particle size
and so the same surface model can be used over the whole interac-
tion bandwidth. However the response of the tyre to these inputs
depends on the material properties and its size relative to the par-
ticles. Typically rolling noise is caused by the road stones, while the
smaller particles that make up the stones are more responsible for
friction and stick-slip behaviour.
The objective here is thus to develop this particle-envelope
model to provide an algebraic or numerical input, not only forthe friction model, but also for road–tyre noise and vibration. Using
measured road proﬁles to justify the approach, the surface is di-
vided into a set of wavelength regimes termed ‘roughness orders’.
Each of these consist of an array of identical particles of variable
shape, represented as a truncated Fourier series. The particles are
set within a continuous envelope function of a truncated Weierst-
rass–Mandelbrot (W–M) series. Thus the description involves only
a few, measurable geometric parameters, which can be modiﬁed to
describe changes due to wear or generation processes. The ap-
proach is also able to unscramble the confusion over the interpre-
tation of power spectra. Finally a sample road proﬁle and surface
are generated using the proposed model.
In another paper the peak envelope of existing surfaces are
decomposed into a quasi-fractal set by searching for the peaks.
Contact calculations are made from this envelope set and mean
peak shapes (Pinnington, submitted for publication).2. Modelling a single roughness order
Road surfaces are formed of particulate features of increasing
size i.e. atoms, crystals, stones and strata related rock forms. The
geometric properties of each set of particles is described here as
a single ‘roughness order’ seen in the stylised diagram of Fig. 1a.
The particles are considered to be prismatic, as generally in nature,
of mean interval L and separated by a discontinuity of width 2D.
Each roughness order is composed of three characteristics proﬁles,
s = 0, 1, 2, for the peak envelope, particle and particle texture
(which will be referred to as envelope, particle and texture), the
spectra of which are illustrated in Fig. 1b. The s = 1 spectrum in
Fig. 1b is for the model developed here, and as will be explained
in section 5, its energy is in a small group of harmonics of the par-
ticle interval L. The three proﬁles will be discussed here using mea-
sured data from road surfaces as the particle-continuum aspects
are clearly visible.
There are three basic envelopes of type s = 0, bounding the par-
ticle peaks, which may be identiﬁed from the exponent b in the
expression for the empirical power law for road surfaces at long
wavelengths (Dodds and Robson, 1973):
Sðf Þ ¼ S0ðf0=f Þb ð1Þ
The power spectral density S(f) is in spatial frequency f = 1/k,
where k(m) is the wavelength in metres. S0 is the spectrum level
at f = f0.The power spectral density functions (dimension m2/m1)
and spatial frequency will be referred to simply as ‘spectra’ and
‘frequency’.
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bution about a horizontal median, arising from independent parti-
cle action perpendicular to the surface, e.g. by particle deposition
and shot blasting. The auto-correlation function is thus a delta
function with an associated constant spectral density i.e. b = 0.
The mean square value of the peak envelope is independent of dis-
tance, thus it could be described as ﬂat and rough. The second type
of envelope is the ideal mathematical plane, which is both ﬂat and
smooth, giving correlation independent of distance. The corre-
sponding spectrum is a single delta function at zero frequency,
which may be thought of as a spectrum of inﬁnite slope i.e.
b =1. This occurs when the surface is formed by a single overrid-
ing principle such as gravity or surface tension acting on a liquid
surface. It also occurs on manufactured ground surfaces above
the cutting particle dimension, or similarly on perfect crystal faces
above the atomic scale.
The third surface type is known as ‘Brownian’ (Mandelbrot,
1982). It is formed progressively in the longitudinal direction by
the ‘randomwalk’, which underlies growth or evolutionary change.
This may be understood by considering the example of the propa-
gation of a crack through a medium of packed particles. As the
crack tip reaches each particle boundary there is an equal probabil-
ity of going up or down by an average step of half the particle inter-
val; so apart from the small step, the amplitude of adjacent particle
peaks is the same, and the surface appears continuous. It has the
characteristic property of being ‘self-similar’ for all length scales
above the average step of the particle interval L, and is the classic
fractal surface. The mean square value of the peak envelope in-
creases in proportion to the distance from any reference point on
the surface i.e. b = 2, and appears as continuously rising hills. Over
a long range, when the amplitudes build, the surface on average
becomes normally distributed about a median value, but not over
a short range where there is good correlation. Fractal surfaces thus
include aspects of the ﬁrst and second surface types, but is not true
to say that all surfaces are therefore fractal. Most surfaces are
formed from a combination of processes, so any spectrum slope
in the range 0 < b <1 is possible, although the random walk value
of b = 2 seems to represent an expected mean on natural surfaces
(Sayles and Thomas, 1978). If the surface is more particulate, or
‘rougher’, this is reﬂected in a decrease in the spectrum slope i.e.
2 > b > 0, likewise for a smoother surface the spectrum slope in-
creases, i.e. 2 < b <1.
Three measured road proﬁles in Fig. 2a are used as examples
here: (i) a standard ‘smooth’ road known as an ISO-surface, (ii) a3 3.02 3.04 3.06 3.08 3.1
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Fig. 2a. Proﬁles (i) ISO-surface, (ii) rough surface, (iii) moulded ISO-surface.‘rough’ road surface, and (iii) an epoxy moulded ISO-surface.
Although the displayed sample length is only 0.1 m, the typical
length of a tyre contact patch, the full sample length was 3 m for
the molded surface and 0.8 m for the real surfaces. These were
measured with a scanned laser with resolution of 0.2 mm. The cor-
responding spectra are given in Fig. 2b. The particles in Fig. 2a are
seen to have an interval of L  102 m, giving the ﬂat particle spec-
tra associated with s = 1 in Fig. 1b, and around 100 m1 (i.e.1/L) in
Fig. 2b. The particle spectra s = 1 in Fig. 2b are different from the
model spectrum in Fig. 1b, as the energy is smeared over a broader
bandwidth due to the random variation of the real particle
intervals.
The ISO-mould and rough surface spectra are plotted in Fig. 3
with a long wavelength spectrum between 1 m and 1 km of a ‘prin-
cipal road’, redrawn from (Dodds and Robson, 1973). There are also
some dotted lines indicating the double slope formula from the
same reference, that will be discussed in section 4. The principle
road spectrum shows some continuity with the s = 0 spectrum of
the ISO-mould surface. The constant slope of b ﬃ 2 over three dec-
ades implies that this s = 0 envelope is fractal, as also observed in
Sayles and Thomas (1978). At a frequency of 0.01 m1 (i.e. a wave-
length of 100 m), there is break point suggesting the presence of
larger particles associated with the underlying rock strata. This im-
plies that the s = 0 envelope of the road stones could also be though
of as the s = 2 texture of the larger particles associated with the
rock strata. Thus each roughness order is generally deﬁned only
by the s = 0, 1 proﬁles. Nevertheless when only a single roughness
order is considered, it is less confusing if s = 2 refers to the texture.3. Fractal envelope model
Having established that the peak envelope is fractal for road
surfaces, it remains to ﬁnd a suitable mathematical model and
establish the range of application. Before proceeding it is necessary
to summarise the fractal terminology e.g. (Mandelbrot, 1982). A
fractal surface is deﬁned by its ‘dimension’ D:
D ¼ d H ð2Þ
where d refers to the base Cartesian dimension i.e. 1, 2 and 3 for
lines, surfaces and volumes. The intermediate non-integer dimen-
sions D are obtained from the Hurst exponent or ‘smoothness’
H,0 < H < 1, where 0 corresponds to the roughest surface and 1 to
a smooth surface. For example a rough three dimensional surface,
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Fig. 3. Spectra of various surfaces: (i) — moulded ISO-surface; rough surface; (ii)
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ﬁle or horizontal section through this surface has a dimension lower
by a factor one, i.e. D = 2  H. One of the most useful fractal sets is
the W–M function shown below for the displacement w(x) of a pro-
ﬁle at a distance x, (Berry and Lewis, 1980).
wðxÞ ¼W0
X1
n¼0
sin cnk0xþ /nð Þ
cnH
c > 1; k ¼ 2p=k; f ¼ 1=k
ð3Þ
The fundamental amplitude and wavenumber areW0, and k0 for
the ﬁrst term n = 0. The general relationships between wavenum-
ber k, wavelength k and spatial frequency f are also stated. The
phase term /n is random with equal probability for 0 < /n < 2p.
As n increases the displacements decrease, and the series con-
verges. The term c is an arbitary multiplier for any number greater
than unity; although integers should be avoided if aperiodic struc-
ture is required. A value of c = 2.1, is generally used here as it is
small enough to scramble the sine proﬁles, but large enough to
step briskly through the frequency range. The function is plotted
in Fig. 4a over one fundamental wavelength k0 = 2p/k0, for varying
smoothness 0 < H < 1. The spectrum for a real surfaces S(f) is not
tonal but rather continuous, calculated by frequency averaging
the squared modulus of Eq. (3), (Berry and Lewis, 1980) i.e.
Sðf Þ ¼ W
2
0
2f 0 ln c
f0
f
 2Hþ1
;
f0
f
 
6 1 ð4Þ
It can be seen that Eq. (4) has the form of Eq. (1), where the expo-
nent, b = 2H + 1, is only a function of the smoothness H, indepen-
dent of the multiplier c. Thus for 0 < H < 1 the spectrum slope for
fractal proﬁles lies in the range 1 < b < 3, with b = 2, i.e. H = 0.5,
for the randomwalk, in the centre of Fig. 4b. These were an attempt
to create a sequence w(x) from a modiﬁed version of Eq. (3) that
would have a continuous spectrum. It was implemented by replac-
ing k0 with a linear sweep, between tones k0 ± Dk0/3, where Dk0 is
the wavenumber difference between the fundamental and next
tone. This was only partially sucessful as the geometric steps of
c. = 2.1 from the original tones are visible, and on reﬂection, a log-
arithmic sweep would give a smoother result.
The low frequency limit of the envelope is set from Eq. (4), i.e.
f/f0 > 1, or for distances x < k0. If f/f0 < 1 i.e. xP k0, the displacement
w(x) ceases to expand and the spectrum ﬂattens-off as seen in
Fig. 3. Also the basic period becomes visible as in Fig. 4a, appearing
as the particle of the higher roughness order. Although this feature
could be used like this, it is not done so here as there would be no
independent control of the particle shape. To avoid this confusion
the fundamental wavelength k0 is set less than the upper particleinterval, as seen with the s = 2 spectrum in Fig. 1b. The high fre-
quency limit of the envelope is determined from the proﬁle gradi-
ent, found by differentiating Eq. (3) with respect to x:
dw
dx
¼W0k0
X1
n¼0
cnð1HÞ cos cnk0xþ /nð Þ ð5Þ
It increases with order n, and the series does not converge, tend-
ing towards an inﬁnite gradient, a fundamental property of the
mathematics of fractals. This difﬁculty does not occur in physics
as fractals are generated by growth as with the random walk, so
surface development begins with the smallest term (determined
by the particle size) and expands. Thus by reversing the order,
starting from the smallest wavenumber kN, Eq. (3) then becomes
a growth function:
wðxÞ ¼WN
XN
p¼0
sin cpkNxþ /p
 
cpH
c > 1; ð6Þ
The envelope amplitude WN and wavenumber kN are related to
the step height and particle interval L as seen in Fig. 5. If the angle
of the leading particle face has an equal probability between 0 and
90 the average angle will be 45 i.e. with a unit slope. The envelope
slopemust be less than the particle slope i.e. kNWN < 1. It can also be
s=1 s=0
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Fig. 7. Surface spectrum changes: --- original, material displacement material
loss (cut surface).
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scribe the smallest envelope wavelength kN, which means that the
envelope s = 0 only exists in the range f 6 1/2L, as shown in Fig. 1b.
Thus for the surface in Fig. 3, the range 0.01 > f > 100 m1 can be
modelledwith a ﬁnite series ofN terms from Eq. (3) or (6), for which
only two parameters W0 and H are required.
4. Modelling envelope changes
The W–M series above describes a peak envelope generated
from a single process. However in practice other, narrower band-
width, changes also occur during construction and subsequent
wear. A means for adapting the series to model these effects is sug-
gested from the comparison of spectra from roads of varying qual-
ity (Dodds and Robson, 1973). They found that all the surfaces
could be modelled by Eq. (1), but with the double slope illustrated
in Fig. 3. The break-point, associated with a section length k0 of
about 6.2 m ( f = 0.13 m1), was thought to correspond to a stan-
dard section length used in construction. All the roads showed sim-
ilar slopes at longer wavelengths, but at shorter wavelengths only
the principle road showed continuity with the upper slope of b ﬃ 2.
Roads of decreasing surface quality, such as the rough surface in
Fig. 3 show a secondary slope decrease i.e. b < 2, illustrated with
the dashed line. Thus surface changes may be modelled by intro-
ducing a secondary W–M series of different smoothness H, with
an initial wavelength k0 characteristic of the particular change
mechanism. There are many possible mechanisms for surface
change, but only the effect of external normal and tangential forces
will be considered using the conﬁguration in Fig. 6. This shows the
normal and tangential contact forces, Fy, Fx of an abrasive element
of length Lc faced with small hard particles of interval Lp, acting ona
surface composed of particles of interval kp. The main consider-
ations are whether material is lost or displaced, and the relative
size of the abrasive element Lc to surface wavelength k.
4.1. Material displacement
External forces are applied preferencially at the peaks where
the surface is also most vulnerable. If the material is displaced from
the peak to the trough, for example by rolling on a hot bituminous
road surface, or by erosion from a hill to a valley, the surface be-
comes smoother, but the mean surface level does not alter. This
type of change may therefore be modelled with the proﬁles and
spectra in Fig. 4a,b, simply by varying the smoothness H. The spec-
trum change is from the section length k0 down to the particle level
kp, as seen in Fig. 3, or the stylised version in Fig. 7.
4.2. Material loss
In its present formEq. (3) cannotmodel the effect ofmaterial loss,
as the mean value is constant at zero. However if unity is added to
the sine term in the numerator, the proﬁle becomes purely positive,
the sum of positive contributions from each term n. i.e.         Fy
Fx 
λ
particle 
diameters 
Lp λp
Lc
Fig. 6. Abrasive element of length Lc on a surface, Lc k0 (section length).wðxÞ ¼W0
XN
n¼0
sin cnk0xþ /nð Þ þ 1
cnH
ð7Þ
An increase of smoothness H causes the proﬁle to sink, as would
occur for material loss due to abrasion. The maximum rate is at the
peaks (when the sine term is unity), as it is here that the material is
most vulnerable. Whereas the minima for each term n remains un-
changed at zero, when the sine term equals 1. The new cut sur-
face wc also depends on the surface wavelength k relative to the
contact length Lc, and is modelled in two parts, as the two summa-
tions below:
wcðxÞ ¼W0
Xm
n¼0
sin cnk0xþ /nð Þ þ 1
cnH
þW0
XN
n¼mþ1
2
cnH
ð8Þ
For k/2 > Lc, i.e.terms n 6m, there is abrasion over the whole
wavelength as the abrasive element can access the troughs, and
the cut surface may be modelled as Eq. (7). For shorter wavelengths
k/2 > Lc, or n >m, the abrasive element is no longer able to access
the troughs. Material is then lost only from the peaks, where the
proﬁle is modelled as the second term in Eq. (8), with the numera-
tor set at the peak value of 2. The proﬁle after abrasion is therefore
asymmetric. The lower part is the original proﬁle w0(x) from Eq. (7)
at smoothness H0, while the upper proﬁle wc(x) at the new smooth-
ness H is taken from Eq. (8). The full proﬁle is found by comparing
w0(x) and wc(x) and selecting the lower value at each point x, as in
the following example.
The original H0 = 0.5 spectrum is shown in grey in Fig. 7, with
the corresponding grey symmetric proﬁle w0 in Fig. 8, (although
the troughs are not immediately discernable as they coincide with0 0.5 1 1.5 2 2.5 3
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Fig. 8. Three wavelengths of the fundamental of a W–M function with n = 0,1, . . . ,9;
c = 2.1. W0 = 1; k0 = 1, lower surface H = 0.5; upper surface non-fractal n > 2,
H = 0.5; H = 0.75 — H = 1.
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that it only makes full contact for the ﬁrst three long wavelengths
i.e. n = 0, 1, 2, with the three spectral lines until frequency 1/(2Lc) in
Fig. 7. There are no further spectal lines as the cut surface is ﬂat at
higher frequencies. This low pass ﬁltering effect is seen clearly in
the heavily smoothed H = 1 proﬁle in Fig. 8. If only intermediate
smoothing (H = 0.75) is applied, the surface is not cut so low and
the troughs of the original H0 = 0.5 are still visible.
The abrasive particles only have a smoothing effect at wave-
lengths greater than the particle size of the abrasive element i.e.
for k > Lp. However in the region of k = Lp, the particle will gouge
the surface and so generate an artiﬁcal particle proﬁle s = 1, as
illustrated in Fig. 7. At shorter wavelengths k < Lp, the surface de-
pends on the fracture mechanism. If the fracture is brittle, the dam-
age is not controlled, so will have fractal structure, but otherwise it
is difﬁcult to comment.-0.4
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Having now dealt with the envelope of peaks, the other part of
the roughness order to consider is the particle proﬁle s = 1, illus-
trated in Figs. 1a,b. The particle proﬁle itself has two parts, the
peaks and the troughs, which of different origin, have the asym-
metric proﬁles seen in Fig. 2a. The ISO surface has rather ﬂat tops
but a sharp discontinuity between particles, whereas the rough
surface is almost a mirror image, with sharp peaks separated by
shallow troughs. However this distinction is invisible from surface
spectra which only detect the magnitude of proﬁle ﬂuctuation.
Apart from a rounded tip, the peaks of broken stone or ceramic sur-
faces will be prismatic, described with an initial slope, a key
parameter in friction modelling (Pinnington, 2009). Unlike the
peak, the trough is a true discontinuity, with signiﬁcant high fre-
quency content, although little of this detail is required for model-
ling purposes, as contact is only made at the peaks. Nevertheless
when two surfaces open or close rapidly, the troughs are passages
for escaping ﬂuids such as air and water, which inﬂuence air-
pumping noise and friction. It is therefore necessary to include
the mean depth and width of the troughs. The aim therefore, is
to deﬁne a generic proﬁle s = 1, able to distinguish peaks from
troughs, and to provide adequate information for all the contact
types i.e. displacement, friction, ﬂuid-pumping or wear.
5.1. Simpliﬁed particle proﬁle
Unlike the envelope s = 0 which contains only amplitude infor-
mation, the particle s = 1 has both amplitude and shape and so re-
quires a different modelling approach. This is done by making the
simplifying assumption that all the particles of a roughness order
are approximately of the same diameter and spacing. The model
may then be built with periodic elements of the mean particle
shape, using a Fourier series. The chosen particle proﬁle shown
in Fig. 9, is the simplest possible to provide displacement and gra-
dients for both the peak and trough. The example in Fig. 9a resem-
bles the ISO surface, while the inversion in Fig. 9b resembles the
‘rough surface’. It is described with just four parameters: L theL/2                -Δ       0         Δ L/2 
W2 
0 
W1 
a
-
b 
Fig. 9. (a) Schematic stone proﬁle, (b) parameter variation on (a).interval, D is half the basic gap width, W1 is the trough depth,
W2 is the peak height. Once the particle sequence has been created,
random period ﬂuctuations can be introduced to make the surface
more realistic. This proﬁle is also consistent with that used to clas-
sify a large body of road data linked to a semi-empirical model for
road–tyre noise (Beckenbauer et al., 2008).
The Fourier series for the proﬁle is calculated in the Appendix
as:
wðxÞ ¼ a0 þ
XN
n¼1
4W1D
L
cos knD 1
ðknDÞ2
 ! 
þ4W2D
L
D
L=2 D
 
cosnp cos knD
ðknDÞ2
 !!
cos knx ð9Þ
An inﬁnite number of terms N are required in a Fourier series to
fully describe a tip discontinuity. However in reality there is a zero
gradient at the tip and no discontinuity. This may be achieved by
noting that there is a zero in the numerator of Eq. (9) when coskn
D = 1, for even n. A truncation made at this value of nwill minimise
the ripple associated with the end term. To utilise this effect the
interval L is divided into M units and the trough width 2D is lim-
ited to the integers 1 >m >M. The argument of the cosine term
then becomes:
knD ¼ npm=M; m=M ¼ 2D=L; m ¼ 1;2 . . .M ð10Þ
The condition for the cosine to equal unity is therefore: nm/
M = 2,4 . . .: giving zeros for odd values of m when n = 2M,4M . . .
while for even m the zeros occur when n =M,2M . . . The number
of divisions of the interval L was set at M = 8, giving a minimum
trough or peak width of L/8. The number of terms N to the ﬁrst zero
becomes 16 for odd m or 8 for even m. The resulting proﬁles are
seen in Fig. 10 for troughs of m = 1 and 2 units. A slight kink at
the shoulders of the trough is the only evidence of the series trun-
cation, but this does not interfere with the peak.
5.2. Spectra comparison for a single roughness order
Now that models have been found for the s = 0, 1 proﬁles of a
single roughness order, a comparison can be made with one of
the measured spectra. The ISO-mould surface was chosen because
the unwanted discontinuities visible in the ISO surface in Fig. 2a,
are ﬁlled during moulding, making it the most likely to contain
information about the envelope of peaks and the particle shape.
The comparison between the measured and modelled spectra is
displayed in Fig. 11. The modelled spectrum s = 1, was taken from0 0.5 1 1.5 2
-1
-0.8
-0.6no
rm
number of cycles
Fig. 10. Two particles in the s = 1 series truncated to N terms: W1 = 1, W2 = 0.2,
M = 8, for m = 1, m = 2.
100 101 102 103
10-8
10-6
10-4
10-2
100
frequency  (1/m) 
S(
f) 
m
m
2 /
(1
/m
)
ISO-mould
road envelope
stone profile s=2
s=1
s=0
Fig. 11. Spectrum of the ISO-mould, with ﬁtted peak envelope s = 0, and stone
proﬁle s = 1. Stone proﬁle: W1 = 0.7 mm, W2 = 0, L = 1 cm, 2D/L = 1/2.
1/L 1/(2 πΔ) log f m-1
b β =0 
β=2 
β =4 
a 
      2Δ
W1 
L 
Fig. 12. Particle discontinuities a. proﬁles b. spectra.
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are not a true average, and were only estimated by eye from Fig. 2a.
This was considered adequate as the only purpose here was to
show that the spectrum in the region of the particle frequency is
controlled by the particle geometry and spacing. The particle was
ﬂat topped, i.e. W2 = 0, with a trough depth of W1 = 0.7 mm. The
particle interval was L = 10 mm giving a fundamental frequency
f = 1/L of a Fourier series of 100 m1. The continuous spectrum is
not a Fourier series and so is smeared to lower frequencies than
1/L because of random ﬂuctuations in trough depth and period.
The break-point at a frequency of about 2/L is controlled by the
trough width, 2D/L = 1/2. The spectrum ﬁts quite well until the
ﬁrst zero when kD = 2p. The Fourier series for s = 1 in Eq. (10)
would be truncated at this point, illustrated in Fig. 1b as the dark
shaded area between frequencies of 1/L < f < 1/D. Also shown in
Fig. 11 is a W–M function of smoothness H = 0.5, to represent the
peak envelope s = 0. It is seen as the falling diagonal across the ﬁg-
ure. There is a suggestion of continuity between the s = 0 and s = 2
spectra. However as the troughs tend to be larger than the peaks,
all that can be said with conﬁdence is that the line of the s = 2 peak
envelope is less or equal to the line of the s = 0 peak envelope. This
measured s = 1 spectrum is dominated by the troughs, although in
general the peak to trough level controls the spectrum at the par-
ticle frequency (as for the rough surface in Figs. 2a and 2b). In
either case the spectra cannot be used with conﬁdence to identify
information about peaks or contact. The ﬁtted functions show the
correct trends, giving support to the model for a single roughness
order illustrated in Fig. 1b.
5.3. Particle discontinuities
It was shown above that the gap between particles may be the
dominant feature of the s = 1 proﬁle, and so requires further inves-
tigation. The main property of a particle is that it is independent i.e.
adjacent particles are separated by a discontinuity. The proﬁles and
spectra of the three largest discontinuity types are shown in
Fig. 12. The asymptotic spectra are the squared modulus of the
Fourier transforms shown in Eqs. (11a,b) for the square wave and
triangle respectively:
Wðf Þ ¼W1D sinð2pfDÞ
2p2fD
; Wðf Þ ¼W1D
p
sinð2pfDÞ
2pfD
 2
ð11a;bÞ
The three spectra are normalised by making the discontinuity area
for each case equal to 2DW1. The basic discontinuity is the squarepulse, as any pair of clean particles will be separated by two parallel
surfaces at the narrowest point. The spectrum of the square pulse is
constant until f = 1/(2pD), after which there is a slope of b = 2, as is
the case for the ISO surface in Fig. 2a. The delta function is the
square pulse taken to the limit and has a constant spectrum i.e.
b = 0, as the break-point is at inﬁnite frequency. The triangular
pulse can be thought of as a partially ﬁlled square pulse, the dimin-
ished discontinuity gives a spectrum slope of b = 4. The ISO-mould
surface in Fig. 2a is an example of this type, with the smoothed tri-
angular troughs visible. For particles spaced an interval L, the main
spectral activity for the s = 1 proﬁle occurs above the frequency
f = 1/L, as seen in Fig. 1b. From the same ﬁgure, it is seen that this
is also the range of the s = 2 spectrum for the texture envelope. This
superposition means that surface spectra cannot be used with con-
ﬁdence to identify the peak envelope properties. The confusion is
compounded because the basic fractal structure of the s = 2 proﬁle
and the basic particle discontinuity, both exhibit a spectrum slope
of b = 2. The following three examples are used to illustrate this
point.
First, for the ‘principle road’, of Fig. 3, it may be safely assumed
that it does not to contain regularly spaced crevasses of several
metres depth, therefore the spectra s = 0,2 represents a true fractal
envelope. Second, Fig. 2b shows that the ISO surface has a s = 2
slope of b = 2, which could naively be interpreted as proof of fractal
structure. However the moulded ISO surface has a corresponding
slope of b = 4, which is outside the fractal range. A comparison of
the two proﬁles in Fig. 1a shows that the main difference lies in
the trough depth, implying that the particle troughs, rather than
fractal structure is responsible for the b = 2 spectrum slope. Finally,
for the rough surface proﬁle in Fig. 2a, the peaks appear to be at
least as important as the troughs, which suggests that the spec-
trum of slope b = 2, in Fig. 1b may be attributed to the peaks. How-
ever even in this case it is not conclusive that the s = 2 spectrum
level derives from the fractal surface structure of the individual
particles, as the proﬁles of Fig. 2a still contain many vertical
sections.6. Multiple roughness orders
The principle of a single roughness order has been illustrated
above for about ﬁve decades of wavelength in the vicinity of the
diameter of a road stone. However it is known that there is other
quasi-periodic structure of both increasing and decreasing scale
such as rock strata, crystals, and atoms. It would seem reasonable
to apply the same principles to describe each of these roughness
orders at different length scales, and so assemble a single descrip-
tion for the full surface. Each roughness order r has two compo-
nents, the particle of interval Lr and the particle envelope. For the
sake of simplicity it is assumed that a particle is roughly cuboid,
with a maximum radius, or peak height Wr = Lr/2. This means that
the energy of the rth particle is proportional toW2r , and this energy
s=1 
s=0 
strata            stones               crystals                atoms 
r=4                      r=3                     r=2                       r=1 
       -1                      2                   6                     9    log f
log S(f) Δ fr 
Fig. 13. Spectra S(f) from roughness orders r = 1, 2, 3, 4; s = 1, s = 0 envelope.
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Fig. 14. Cumulative mean square gradient C of roughness orders r = 1, 2, 3, 4;
s = 0 fractal envelope; s = 1.
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Fig. 15. Combined s = 0, 1, 2 proﬁles: W1 = 1,W2 = 0.2,L = 0.01 m, AN = 0.05, H = 0.5;
no texture A0 = 0, — with texture A0 = 0.1.
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Fig. 16. Rotation transformation between u, v and x, y directions.
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through all the particle power spectral densities S1(f) is therefore:
S1ðf Þ /W2r =Dfr / 1=f 3 ð12Þ
It is illustrated in Fig. 13 as the ‘s = 1 envelope’, and according to
Eq. (4) has an exponent b = 3. The structure is considered to be
built upwards from the smallest particles increasing the roughness
order with particle size. The intermediate s = 0 spectra typically
have exponents of about b = 2 as for the random walk. The only
way that the spectra can be consistent with Figs. 2b and 3, is shown
in Fig. 13, with a step at each roughness order. Thus the fractal
envelope is only piecewise continuous, rather than continuous as
seems to be the usual assumption. It is possible that this idea
comes from the original paper of (Sayles and Thomas, 1978), where
the spectra from many applications collapse onto a single curve by
being normalised to their measurement scales. Some doubts were
raised about the presentation at the time (Berry and Hannay,
1978).
From Fig. 13 it is clear that the ’roughness’ i.e. displacement and
energy of contact, is greatest at long wavelengths. However the
friction coefﬁcient of ﬁlled rubbers is found from measurement
to be almost constant for several decades of surface wavelength
(Grosch, 1963), implying that it is not primarily dependent on
roughness. This excepts the start and ﬁnish of the friction band-
width when other factors come into play such as adhesion at the
molecular level and slipping at the scale of the road-stones. From
the basic consideration of the resolution of a normal force on a
smooth inclined surface, it is rather the particle slope that controls
friction coefﬁcient e.g. (Moore and Geyer, 1974; Ruan and
Bhushan, 1994; Pinnington, 2009). It is therefore interesting to
replot Fig. 13 in terms of gradient. The spectral density of the
gradient S0(f) is related to that of the displacement as:
S0ðf Þ ¼ ð2pf Þ2Sðf Þ: ð13Þ
Which for the s = 0 envelope of b = 2 yields a constant. The cumula-
tive mean square gradient C for each roughness order is found by
integrating in the direction of increasing frequency between two
roughness orders fr < f < fr  1 i.e.
C ¼
Z
S0ðf Þdf ð14Þ
The result in Fig. 14 shows an increase with frequency but the
maximum for each roughness order must have a limit around
unity, as discussed in section 3. Thus signiﬁcant friction can be
associated with particles of any size, even to the atomic level (Ruan
and Bhushan, 1994).7. Proﬁle and surface generation
The three component proﬁles s = 0, 1, 2 developed in the previ-
ous sections are combined here to generate numerical proﬁle and
surfaces. The composite proﬁle w(x) is the sum of the three proﬁles
ws0, ws1, ws2 i.e.
wðxÞ ¼ ws0ðxÞ þws1ðxÞ þws2ðxÞ ð15Þ
Practically this is done by linking the two envelopes to the par-
ticle interval L and trough depth W1. The peak envelope ws0 is ex-
panded from the smallest term WN as Eq. (6), with a wavelength
kN = 2L. The amplitude WN = ANW1, where AN < 1, as explained in
section 3 using Fig. 5. The texturews2 is given from Eq. (3), in which
the series converges in the normal way. The ﬁrst term is linked to
the particle by setting the wavelength k0 = L/n n = 1,2,3, . . . The
integer n controls the maximum wavelength of the texture, and
should be set at nP 2, to avoid distortion of the average particle
proﬁle. The amplitude of the ﬁrst term is W0 = A0W1 where
A0 < 1. This proﬁle can be made more realistic by then introducing
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Fig. 17. Combined s = 0, 1, 2 surface:W1 = 1, W2 = 0.2, L = 0.01 m, H = 0.5, A0 = 0.02, AN = 0.2.
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the summation of the three proﬁles as displayed with and without
the texture in Fig. 15. The composite surface w(x,y) is summed in
the same way as the proﬁle in Eq. (15), using the three component
surfaces ws0, ws1, ws2. The particle surface of N2 points ws1(x,y) is
formed from the proﬁle sequence of N points wx  ws1(x) seen for
example as the two cycles in Fig. 10.
Methods of generating fractal surfaces for the peak envelope
and texture can be found in several places e.g. (Falconer, 1990).
The basic approach is to set the trace wavenumber kp along a vec-
tor u at a random direction hp as in Fig. 16. This gives the ﬁrst term
in Eq. (16a) for the s = 0 surface of the diverging series in Eq. (6) i.e.
ws0ðx; yÞ ¼WN
XN
p¼0
sin cpkpuþ /p
 þ sin cpkpv þ /p 
cpH
ð16aÞ
u
v
 
¼ sin hp cos hp
cos hp  sin hp
 	
x
y
 
ð16bÞ
To build an isotropic ﬁeld many components in random direc-
tions are needed. To keep the number of terms small, the surface
is made isotropic at every level p, by adding a second sine term
with the trace direction v orthogonal to the ﬁrst, as in Eq. (16).
The fractal properties are unaltered as the component terms are
similar. The angles /p, hp are independent random variables of
equal probability in the range 0  2p. An example of the composite
surface from the sum of the three surfaces is shown in Fig. 17, with
a rather exaggerated vertical scale. There are 15  15 road stones
visible, along with the texture and envelope, although there is no
restriction to the generation of much larger arrays.
8. Conclusions
A general model for surfaces was developed using measured
road proﬁle data. The basic component, described as a ‘roughness
order’, consists of particles arranged under a continuous envelope,
which would typically have a bandwidth of about three decades.
The particles themselves are composed or further nested sets of
roughness orders. Thus the full model assembles the roughness or-
ders from each particle level.
The envelope function can take a wide range of forms depend-
ing on the correlation between adjacent particles, however in prac-tice it is often fractal, and is represented here as a truncated
Weierstrass–Mandelbrot series. This function requires only four
parameters i.e. amplitude, particle interval, smoothness and num-
ber of terms in the series. It is presented in the classic form as a
converging series, and also as a physically plausible diverging ser-
ies. By judiciously combining these surfaces it is also possible to
describe symmetric and asymmetric changes due to wear.
Four geometric parameters are required to describe the particle
shape, which is modelled with a truncated Fourier series of only
eight terms. Once the parameters have been chosen either proﬁles
or surfaces of any size can be generated from the assembled parti-
cle-envelope functions.
The envelope dominates the amplitude of the surface. However
the particle controls the gradient, which for rough surfaces is ex-
pected to have an average value of unity. This sets an upper limit
to the gradient of the fractal envelope, avoiding the unrealistic gra-
dients associated with an inﬁnite fractal series. The particle gradi-
ent is also closely related to friction coefﬁcient.
Particles are separated by a discontinuity, giving power spectra
of the same slopes as a fractal surface, demonstrating that spec-
trum slope is an unreliable measure of fractal parameters on real
surfaces.
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proﬁle
The Fourier series of an inﬁnite periodic array of the stone pro-
ﬁle in Fig. 9a is found by considering separately the proﬁles of the
peak w1(x) for w > 0; and the gap w2(x) for w < 0. As the proﬁle is
symmetric only x > 0 will be analysed:
w ¼ w1 þw2; w1 ¼W1 x DD
 
; 0 < x < D;
w2 ¼W2 x DL=2 D
 
; D < x < L=2 ðA1Þ
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usual form:
wðxÞ ¼ a0 þ
X1
n¼1
an cos knx; k0 ¼ 2pL ; kn ¼ nk0 ðA2Þ
The n = 0 Fourier component is:
a0 ¼ 2L
Z D
0
w1dxþ 2L
Z L=2
D
w2dx ¼ W1 DL þW2
1
2
 D
L
 
ðA3Þ
If D = L/4, the mean value is zero and a0 = 0. The higher order com-
ponents an are deﬁned as:
an ¼ 4L
Z D
0
w1 cosðknxÞdxþ 4L
Z L=2
D
w2 cosðknxÞdx; n > 0; ðA4Þ
The solution is obtained by substitution of w1 and w2 from Eq.
(A1), and making an intergration by parts, yielding:
an ¼ 4W1DL
cos knD 1
ðknDÞ2
 !
þ 4W2D
L
D
L=2 D
 
cosnp cos knD
ðknDÞ2
 !
ðA5Þ
The only real difference between the components for w1 and w2
is cosnp appearing in the expression forw2. This term describes the
spatial lag of the peak W2 at x = L/2, following the trough W1 at
x = 0. The proﬁlew(x) is now available from Eqs. (A2),(A3) and (A5).
The single-sided power spectral density is found by summing the
energies of the harmonics:
SðkÞ ¼
X1
n¼1
janj2dðk nk0Þ
2
ðA6Þ
The continuous power spectral density is found from Eqs. (A5)
and (A6), effectively by replacing kn with k, and dividing by the
bandwidth k0. For a ﬂat top proﬁleW2 = 0 the continuous spectrum
becomes:
SðkÞ ﬃ 1
2k0
4W1D
L
 2 cos kD 1
ðkDÞ2
 !2
ðA7Þ
The power spectrum S(f) in frequency f is equation A7 with k0
replaced by f0.
Sðf Þ ﬃ 1
2f 0
4W1D
L
 2 cos kD 1
ðkDÞ2
 !2
; k ¼ 2pf ðA8ÞReferences
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